Nonlinear resistance of highly mobile two-dimensional electrons placed in crossed electric and strong magnetic fields attracts considerable contemporary interest. The resistance shows remarkably strong and nontrivial dependence on the electric field E in both microwave and dc responses. At small electric fields, the resistance demonstrates impressive several-fold reduction with the electric field, which is unusual for degenerate electron systems. A higher electric field induces appreciable oscillations of the resistance with both electric and magnetic fields. Zero resistance and zero differential resistance states of the 2D electrons are observed in these strongly nonlinear systems. Experiments show that the nonlinearities are related to a quantization of the electron spectrum in magnetic fields. Essential progress has been achieved in the theoretical description of dominant mechanisms responsible for the strong electron nonlinearity. The review describes recent development in this interesting area.
Introduction
Nonlinear properties of condensed materials are the subject of continuous research due to both scientific significance and valuable practical applications. Development of masers and lasers for more than half century has stimulated extensive studies of nonlinear optical properties of materials, 1 resulting in a broad range of photonic applications. Significant advancements in micro and nano-fabrications have led to enhanced research of low-dimensional systems: thin films, one-dimensional quantum wires, nanotubes and quantum dots. In this article, I review recent considerable progress in studies of nonlinear transport properties of degenerate two-dimensional electron systems, placed in crossed electric and quantizing magnetic fields.
Nonlinear properties of degenerate electrons have been studied for several decades. In 1962, L. Esaki found that an application of an electric field E to metallic Bi samples, placed in a strong magnetic field B, significantly decreases the electrical resistance R of the samples at E > E th . 2 The threshold electric field E th corresponds to a condition, at which the drift velocity of centers of electron orbits in the crossed electric and magnetic fields V B = c · ([ E × B])/B 2 equals to a velocity V S of sound waves in Bi crystals: V S = c · ([ E th × B])/B 2 , where c is the velocity of light. At E > E th electric charge carriers propagate coherently (in-phase) with the sound, stimulating an excessive emission of phonons. This radiation effect is similar to Cherenkov's radiation of electromagnetic waves by fast particles in optical materials.
In bulk 3D metals, other interesting nonlinear effects have been found at low temperatures. One of them is the generation of second harmonic of a RF electromagnetic radiation by Bi crystals placed in a strong magnetic field B. 3 The authors have shown that the nonlinear response is the result of a dependence of electron conductivity σ on the magnetic field B ω of electromagnetic waves (Alfven waves) propagating through the metallic Bi. In microwave domain a substantial enhancement of the second harmonic of the Alfven and magnetoplasma waves was observed above a threshold value of the microwave power. 4 Above the threshold, an amplitude of the oscillating drift velocity of the electrons v ω in the crossed electric E ω and magnetic B fields overcomes the velocity of the sound V S : v ω = c · E ω B > V S , indicating an acousto-electronic origin of the nonlinearity, similar to Esaki's effect. 2 In experiments in strong magnetic fields, a size of electron orbits (cyclotron radius r C ) is much smaller than a wavelength λ of the electromagnetic wave and the nonlinear current density J 2ω is determined by the electric field E ω at the same location inside a sample. In other words, the nonlinear response is local: J 2ω = σ(B+B ω )·E ω . At smaller magnetic fields in clean metallic samples the size of electron trajectories can be much longer than the electromagnetic penetration depth (skin depth) δ: r C δ. In this case, the response is strongly non-local. The nonlocality creates several interesting trajectory effects in degenerated electron systems such as cyclotron resonance, 5 size effects. 6 Nonlinear properties of normal metals in the non-local regime have been studied in broad range of frequencies. Steady current states of metallic slabs have been observed in response to the RF (1-100 MHz) electromagnetic radiation. 7 In microwave domain nonlinear cyclotron resonance has been studied in different configurations. 8, 9 An interesting effect of the microwave radiation on skipping electron trajectories has been seen near metallic surfaces.
10
Many of these nonlinear, non-local phenomena were explained by an accumulative effect of the magnetic field of the electromagnetic radiation on electrons trajectories inside normal metals. 7, 11, 12 It is worth to note that observations of the nonlinear response in metallic bulk sample require a substantial electromagnetic power. The main reason is that bulk metals reflect back most of the electromagnetic radiation.
Significant progress in nano-fabrications combined with a better understanding of effects of disorder and electron interactions in conducting materials 13 have stimulated intensive studies of transport properties of low dimensional electron systems. Theoretical analysis 14 has revealed that an oscillating electric field E ω destroys a quantum interference between two electron trajectories propagating in opposite directions, resulting in reduced quantum corrections to the electron conductivity. This dynamic nonlinear effect is observed in 2D and 1D electron structures. [15] [16] [17] [18] [19] Interesting nonlinearities have been found in mesoscopic samples 20, 21 and subsequently in quantum dots and ballistic constrictions. In many cases, the nonlinear response is the result of a lack of spatial inversion symmetry. 22 The analysis and classification of dominant mechanisms of nonlinearities in the artificial electron systems are valuable resource for contemporary research.
Nonlinear Resistance in Quantizing Magnetic Fields
Recent developments have shed a new light on nonlinear transport of highly mobile degenerate two-dimensional (2D) electrons placed in strong magnetic fields. The research activity has been initiated by groundbreaking experiments on effects of microwave radiation on dc resistance of these 2D systems. [23] [24] [25] [26] The experiments have demonstrated, that an application of the microwaves with a frequency ω, which is comparable with the cyclotron frequency ω c or its harmonics n × ω c , significantly changes the resistance by inducing oscillations of the resistance with the magnetic field B. At maximums of the oscillations the resistance increases by several times, whereas at minimums the resistance decreases strongly and above a threshold microwave power the 2D electron systems demonstrate a Zero Resistance State (ZRS). 25, 26 In this state the dc resistance is virtually absent (see Fig. 1 ). These observations have originated strong experimental and theoretical activities. The following experiments [28] [29] [30] [31] 34, 37 have confirmed the strong nonlinearity and explored it in broader range of microwave frequencies, temperatures and magnetic fields. Another kind of nonlinear behavior of highly mobile 2D electrons has been also identified in a response to microwaves in a similar experimental setup.
33,50
Strong nonlinearity is found in response to a direct current (dc bias) and a low frequency radiation ω ω c . 27, 39, 40, 46, 48, 69, 70 The experiments have shown, that the resistance decreases substantially with the dc bias and/or low frequency excitations. At higher biases the resistance increases and demonstrates notable oscillations, which are periodic both with the dc bias I dc and with the inverse magnetic field. 27, 40, 46, 48 In fact, the resistance oscillations with the magnetic field at a fixed dc bias have been observed originally by C. L. Yang et al. 27 The authors have interpreted the resistance oscillations as a result of an enhancement of electron scattering between Landau levels, caused by the dc electric field E.
The decrease of the resistance at small dc biases has been attributed 46, 69, 70 to a redistribution of 2D electrons in energy space in response to the dc bias.
82,100,105
The effect depends strongly on temperature. At temperatures below 2(K) the decrease is so sharp, that the 2D electron systems undergo a transition to Zero Differential Resistance State (ZDRS). 47, 53 The transition occurs at dc biases I dc above a threshold value I th . In the ZDR state the differential resistance is virtually zero and the dc voltage V xx along the 2D conductor does not depend on the dc bias.
Combined effects of the microwave radiation and the direct current have been studied in papers. 49, 54 The experiments show a fascinating interplay between effects of ac and dc excitations on the nonlinear resistance. The results indicate a common origin of the strong nonlinear response in both microwave and dc domains.
Different theoretical models have been proposed explaining strong nonlinearity of highly mobile 2D electron systems. Two groups can be formed from proposed models. One group consists of the models relating the nonlinearity to changes of the electron distribution in the energy space, which are induced by the microwaves and/or dc biases. 29, 82, 100 Another group advocates for strong variations of electron-impurity scattering induced by the microwaves and/or dc bias.
77,78,86
Very recent theories examine several different mechanisms of nonlinearity, using a unified approach. 105, 106, 108, 109 An analysis of different nonlinear mechanisms is present in recent review.
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Although the different theories propose and explore different mechanisms of the nonlinearity, most of the theoretical results are compatible with experiments on a qualitative level. To identify the dominant mechanisms responsible for the observed nonlinearity a quantitative comparison between the theories and experiments is required. In microwave experiments the microwave electric field inside a 2D electron sample is not well determined. The microwave distribution depends significantly on geometry of the sample, configuration of electrical leads, contact pads and other objects near the sample. In contrast to microwave experiments, in low frequency or dc domain the electric field and current are measured with a good accuracy. More-over in many cases the electric current distribution is uniform inside 2D electron samples. Thus, for the quantitative comparison between the theories and experiments measurements at low frequencies have apparent advantage with respect to microwave measurements.
This review is focused on the nonlinear experiments, which are performed in the low frequency domain and standard configurations by application of the dc bias to a sample in the form of a Hall bar. This well-defined experimental setup facilitates the quantitative comparison with the theories, providing more reliable identification of the dominant mechanisms of the electron nonlinearity.
Experimental setup
Most of the experiments are done in 2D electron systems in AlGaAs/GaAs heterojunctions or GaAs quantum wells grown by a molecular beam epitaxy. The strong nonlinear response has been observed in samples with a high electron mobility µ > 100 (m 2 /Vs) and a density n > 2 × 10 15 m −2 . Nonlinear effects were measured in temperature range between T = 0.3 K and T = 30 K in magnetic fields, which are typically between 0.05 and 1 Tesla and are applied perpendicular to the 2D electron layers. In these magnetic fields the separation between energy levels (Landau levels) of the 2D electrons ω c is comparable with or exceeds the level width Γ = /τ q , where τ q is a quantum scattering time. In these magnetic fields the electron spectrum and/or the density of electron states (DOS) is an oscillating function of the energy with a period ω c .
114
Experiments are done on samples patterned in form of a Hall bar. A schematic view of the Hall bar and a typical setup are shown in Fig. 2 . The sample is a strip of few millimeters in length and 50-200 microns in width, etched in a conducting 2D wafer. The two wide areas near the two ends of the strip are contacts providing the electrical current through the sample (current contacts). Two (or more) electric contacts (potential contacts), connected to each side of the strip at a distance The current contacts are placed at a distance ∼1 (mm) from the tested part, which is much greater than the inelastic relaxation length of the 2D electrons
where D is diffusion coefficient and τ in is an inelastic relaxation time (discussed below). The short inelastic length L in insures that possible nonlinearities near the current leads provide negligibly small contribution to the total nonlinear response, which is measured between potential contacts. The ac longitudinal voltage V ac is measured between potential contacts using a lockin amplifier with high (typically 10-100 MΩ) input impedance. The high input impedance eliminates nonlinear contributions of the potential contacts to the overall nonlinear response. 69 In experiments the direct electric current I dc (dc bias) is applied simultaneously with an ac excitation I ac through the same current contacts (x-direction).
Experiments are done in a classically strong magnetic fields (ω c τ tr 1), where the ω c is cyclotron frequency and τ tr is the transport scattering time. Under these conditions, the electric current density J = (J x , 0), directed along the x-axes, is almost perpendicular to the total electric field E = (E x , E y ), where E x E y .
137
The magnitude of the Hall electric field E H = E y , directed along the y-axes, is almost equal to the magnitude of the total electric field | E|. Below we consider the magnitude of the Hall electric field E H to be equal to the magnitude of the total electric field E applied to the samples. In addition, at ω c τ tr 1 the Hall conductivity σ xy σ xx and the longitudinal resistivity
xy is proportional to the longitudinal conductivity σ xx . Discussed experiments are done at maximums of quantum oscillations, at which the density of electron states and the conductivity σ xx are also at a maximum. This provides a uniform distribution of electric current across samples.
130-133

Effect of small dc electric field on resistance of 2D electrons in quantized magnetic fields
Effects of an electric field E on the resistance of two-dimensional electrons placed in strong magnetic fields have been studied in many works. [116] [117] [118] [119] [120] [121] [122] [123] [124] [125] [126] [127] [128] [129] [130] [131] [132] [133] A substantial part of these studies is focused on the effect of electric field E on an amplitude of quantum oscillations of the resistivity. The quantum (Shubnikov de Haas, SdH) oscillations are the result of the quantization of the electron spectrum in strong magnetic field. 114 The amplitude of the oscillations depends significantly on the electron temperature. 114, 115 It has been found that the amplitude of the SdH oscillations decreases with the electric field E.
116-129 The effect is attributed to an increase of the electron temperature T e due to the electric heating. The explanation is based on an assumption that the surplus of the Joule energy provided by the electric field E is rapidly shared among the carriers through electron-electron interaction, establishing the thermal (Fermi-Dirac) distribution at an elevated temperature T e .
134,135
Nonlinear Transport of 2D Electrons 7 The T e approximation works well in systems with a strong electron-electron scattering. It ignores any deviations of the non-equilibrium electron distribution from the Fermi-Dirac form. The approximation has been widely and successfully used for 2D electron systems with low electron density and/or mobility. [116] [117] [118] [119] [120] [121] [122] [123] [124] [125] [126] [127] [128] [129] However, a discrepancy between the temperature T e , obtained from the analysis of the amplitude of the quantum oscillations in the T e approximation, and the one obtained using another experimental method, has been reported in GaAs 2D systems with a high electron mobility.
135
Despite the apparent applicability of the T e approximation to the overheated electron systems, recent studies have revealed an inadequacy of the temperature description of the nonlinear transport of highly mobile 2D carriers in quantizing magnetic fields. 46, 56, 69, 70 Figure 3 demonstrates the significant difference between effects of the temperature and the dc bias on the magnetoresistance. The figure shows three dependencies of the longitudinal resistance on the magnetic field. The dependencies are obtained for two-dimensional electrons in a GaAs quantum well with a mobility µ = 85 (m 2 /Vs) and electron density n = 8.2 × 10 15 (m −2 ). 69 Two upper curves present the magnetoresistance obtained at zero dc bias and at two different temperatures T = 2.16 K (dotted curve) and T = 4.2 K (solid curve). At small magnetic fields B < 0.1 T the magnetoresistance demonstrates the classical independence on the magnetic field. 137 At B > 0.1 T the electron spectrum is quantized and at temperature T = 0.3 K the resistance demonstrates quantum oscillations (not shown). An arrow marks the magnetic field B = 0.1 T above which the electron spectrum is modulated due to the quantization of the electron motion in magnetic fields.
At magnetic fields B < 0.3 T the two traces at T = 2.16 K and at T = 4.2 K are almost identical, indicating a very weak temperature dependence of the resistance (dr xx /dT > 0). At stronger magnetic fields, the quantum oscillations (Shubnikov de Haas, SdH) are observed. At thermal equilibrium, the amplitude A of the oscillations depends significantly on the temperature:
2 kT / ω c . 114, 115 At small magnetic fields, ω c kT the amplitude of the SdH oscillations is exponentially small due to an effective spectral averaging of oscillating contributions of modulated density of states to the resistance over the broad energy scale ∼kT . Figure 3 shows that the increase of the temperature reduces the magnitude of the oscillations symmetrically toward the background, which is an averaged value between maximums and minimums of the oscillations.
The magnetoresistance behaves very differently in the response to the dc bias. In Fig. 3 the lower curve presents a typical dependence of the differential resistance on magnetic field at a finite dc bias. At B > 0.1 T, at which the Landau quantization takes place, the resistance shows a considerable decrease with the dc bias (dr xx /dI < 0). The decrease of the resistance cannot be explained by a temperature increase due to the dc heating: the increasing temperature raises the resistance (dr xx /dT > 0). Moreover at the finite dc bias the quantum oscillations do not have the canonical shape, corresponding to the two upper curves at zero dc bias. Instead a strong increase of higher harmonics of the oscillations is obvious. The enhancement of the higher harmonic content is in apparent contradiction with the description of the dc biased electrons by an elevated temperature T e : high temperature reduces exponentially the higher harmonic content of the oscillations. 56, 114, 115 A similar strong suppression of the resistance has also been observed in a microwave photoresponse.
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In several recent papers, 46, 56, 69, 70 the strong decrease of the resistance with the dc bias has been attributed to a non-uniform spectral diffusion of 2D electrons through Landau levels. 82, 100, 105 The spectral diffusion generates a non-equilibrium electron distribution, which is significantly different from the Fermi-Dirac form. The specific electron distribution causes a substantial change of the 2D electron transport. Below we consider the basic parts of the theory. 
Theory of electron spectral diffusion in quantizing magnetic fields
The theory considers nonlinear electron transport in a strong magnetic field, in which the electron spectrum is quantized and the density of states (DOS) oscillates with the energy. The period of the oscillations is the cyclotron energy ω c . The width of the Landau levels is Γ = /τ q , where τ q is quantum scattering time. The quantizing magnetic field provides a spin splitting, which is negligible in comparison with the level width Γ. The spin splitting is neglected below for simplicity.
Nonlinear Transport of 2D Electrons 9
The longitudinal conductivity of the 2D electrons σ xx is a sum of conductivities σ( ) of the levels with energy over all possible energies, weighted with the first derivative of the distribution function ∂f /∂ 115 :
In the leading approximation for a classically strong magnetic field (ω c τ tr 1) the longitudinal conductivity σ( ) at an energy reads 100 :
where
2 c τ tr is the dc Drude conductivity in a strong magnetic field B,ν( ) = ν( )/ν 0 is dimensionless density of states, τ tr and ν 0 = m/π 2 are transport scattering time and the density of states at zero magnetic field and v F is the Fermi velocity. The approximation neglects the effect of electric field on the electron-impurity collision, which yields a negligibly small correction to the nonlinear resistance at small electric fields. 100 The dominant nonlinear effect is due to a non-trivial energy dependence of the distribution function f ( ), which is a result of non-uniform spectral diffusion of the 2D electrons in response to the total dc electric field E applied to the system. Due to conservation of total electron energy 0 in the presence of the external electric field E and the elastic electron-impurity scattering, the kinetic energy of an electron K depends on the electron position r: K ( r) = 0 − e E r. As a result of the energy conservation, the diffusion motion of the electron in real space originates a diffusion of the electron kinetic energy in the energy space. The spectral diffusion generates a spectral electron flow from occupied electron levels below the Fermi energy to empty states above it. The coefficient of the spectral diffusion D ( ) is proportional to the coefficient of the spatial diffusion
The spectral diffusion is proportional to square of the cyclotron radius r C and the normalized density of statesν( ).
The spectral diffusion is the most effective in the center of the Landau levels, where the density of states is high. It gradually decreases away from the center and is suppressed considerably between Landau levels, where the density of states is small. The spectral diffusion is described by the Fokker-Plank type equation 100 :
The left side of the equation describes the spectral diffusion of the spherical part of the electron distribution function f induced by the electric field E in the presence of the elastic impurity scattering. The higher angular harmonics of the distribution function provide much smaller contributions to the net function f , due to much faster temporal relaxation. These are neglected in the "Eq. Validity of the approximation is supported theoretically in the high temperature limit kT ω c . 100 Below the inelastic scattering rate 1/τ in is considered to be a constant independent of the electric field E and the electron energy .
In accordance with "Eq. (3)" the spectral diffusion generates an electron spectral flow J from low energy regions (occupied levels) to high energies (empty levels). The spectral flow is proportional to the coefficient of the spectral diffusion D and to the gradient of the distribution function ∂f /∂ : J = D( )·∂f /∂ . In a stationary state the spectral electron flow J is constant. As a result, the gradient of the distribution function ∂f /∂ is strong in the regions of weak spectral diffusion (between Landau levels) and is small in the regions with strong spectral diffusion (centers of the Landau levels). This corresponds to numerical calculations. Figure 4 demonstrates the density of states, distribution function and non-equilibrium part of the function induced by dc current I dc . Indeed, the gradient of the distribution function is considerably suppressed inside Landau levels. This is due to both fast spectral diffusion inside Landau levels and slow diffusion between them. In accordance with "Eq. (1)" the small gradient of the distribution function inside conducting Landau levels makes the net value of the nonlinear longitudinal conductivity σ xx (and the resistivity ρ xx ∼ σ xx at ω c τ tr 1 137 ) to be significantly smaller than the linear, unbiased value. This explains the decrease of the resistance with the dc bias in Fig. 3 .
The theory has been used for a quantitative comparison with experiments.
46,59,69
For the purpose of comparison, the inelastic scattering rate 1/τ in is considered to be a constant, independent of energy and strength of electric field E. Good agreement is found between the experiments and the theory for a broad range of temperatures kT > Γ and magnetic fields. Below we consider two regimes: small magnetic fields at which Landau levels are well-overlapped, and strong magnetic fields at which the levels are well-separated.
Weak quantizing magnetic fields
At weak magnetic fields, in which the separation between Landau levels ω c is less than the effective width of the levels Γ = /τ q , the density of states ν( ) and the spectral diffusion are weakly oscillating with the energy . We consider a regime of high temperatures: kT ω c . In this regime the quantum oscillations are absent and the resistance increases weakly with the temperature T . Figure 5 shows the dependence of normalized resistance R/R 0 on electric current at a small magnetic field B = 0.343 (T) and temperature T = 12.75 (K). The parameter R 0 is the resistance at zero magnetic field. At small dc biases the normalized resistance decreases with the electric current. The decrease is a result of the non-uniform spectral diffusion of 2D electrons. At higher biases the resistance increases with the electric current. In a classically strong magnetic field B the nor- malized resistance equals to a normalized conductivity R/R 0 = σ xx /σ D , where σ D is Drude conductivity in the magnetic field. 137 In accordance with the theory 100 the decrease of the normalized conductivity obeys the following relation:
where γ = 1, δ = exp(−π/ω c τ q ) is the Dingle factor. The parameter Q dc takes into account the electric field E (Hall electric field): Figure 5 presents a comparison between "Eq. (4)" and the experiment. The Dingle factor δ(τ q ), the inelastic scattering time τ in and parameter γ are used as fitting parameters in the comparison. The parameter γ takes into account possible memory effects and other deviations from the Drude magnetoconductivity, 86, 140, 141 which are ignored at γ = 1. In Fig. 5 a solid line demonstrates the theoretical dependence [see "Eq. (4)"] of the normalized resistivity at γ = 0.9931, τ q = 1.138 (ps) and τ in = 23.65 (ps). Another solid line, which is indistinguishable from the analytical result, presents a numerical evaluation of the normalized resistivity, using "Eq. (3)" with the same fitting parameters γ = 0.9931, τ q = 1.138 (ps) and τ in =23.65 (ps) and the Gaussian form of the DOS. 139 In Fig. 5 , a thin dotted line demonstrates a numerical evaluation of the resistance, using a SCBA (Self Consistent Born Approximation 115, 138 ) density of states with γ = 0.9931, τ q = 1.132 (ps) and τ in = 21.4 (ps). The density of states, electron distribution function f and the non-equilibrium part of the function ∆f = f − f T are shown for Gaussian DOS in the insert to Fig. 5 . Figure 5 demonstrates good agreement between the experiment and the theory at small dc biases. At higher currents considerable deviations between the experiment and the theory occur. The deviations are expected. At higher currents there are additional mechanisms of the 2D electron nonlinearity, 27 which are not taken into account in "Eq. (3)". Moreover, an additional contribution to the deviations may occur due to the conjecture of the constant inelastic relaxation rate 1/τ in in "Eq. (3)". At very small dc biases, at which the electron distribution is near the thermal equilibrium, the variation of the inelastic rate with the dc bias is also small, since the phase space available for the inelastic scattering of an electron is nearly the same as at the equilibrium. At stronger dc biases the distribution function is broader and the inelastic scattering rate can be considerably stronger.
69
By comparing the experiments with the theory at different temperatures, one can determine a dependence of the inelastic scattering time τ in on the temperature. The temperature dependence is shown in Fig. 6 . At small magnetic field [ Fig. 6(a) ] the inelastic time follows relation τ in ∼ 1/T 2 , which indicates a dominant contribution of electron-electron interactions to the relaxation of non-equilibrium distribution function f . The time is found 69 in a good agreement with theory.
100,142,143
Nonlinear Transport of 2D Electrons 13 At strong magnetic fields and high temperatures [ Fig. 6(b) ] the inelastic time is proportional 1/T 3 as discussed below.
Strong quantizing magnetic fields
At strong magnetic fields, characterized by sizable separation of Landau levels, the nonlinear resistance shows significant several-fold decrease with the dc bias I dc . In Fig. 7 (a) solid curves show dependencies of the normalized resistance R/R 0 on direct current I dc at different temperatures. Symbols present the resistance obtained by numerical calculations, using "Eq. (3)" and "Eq. (1)". Good overall agreement is found between the experiments and the theory.
69
The experiment demonstrates an interesting scaling behavior of the nonlinear resistance at different temperatures. Figure 7(b) shows the scaling. Obtained at different temperatures dependencies are normalized R/R(I dc = 0) to unity at zero bias. The normalized dependencies collapse on a single curve after a linear transformation of the I dc scale for each curve. The scaled curves are in remarkable agreement with the spectral diffusion theory. To obtain the agreement, one should relate the parameter A 1/2 to (σ D E 2 τ in /ν 0 ) 1/2 , which is the basic combination of parameters controlling the solution of "Eq. (3)". In Fig. 7(b) open circles demonstrate the theoretical dependence of the R/R 0 on A 1/2 . The numerical results are obtained using a constant, bias independent inelastic scattering rate 1/τ in . The observed correspondence is quite unexpected, since the strong variation of the resistance implies a substantial deviation of the electron distribution function from the equilibrium and, therefore, an apparent inapplicability of the τ approximation of the right side of "Eq. (3)" with a fixed τ in .
The following arguments have been suggested to explain this interesting result.
At a strong magnetic field, characterized by significant separation of Landau levels, the spectral diffusion between Landau levels is absent due to the lack of the available electron states (ν = 0). In this regime the global broadening of the distribution function is absent and, therefore, the total number of Landau levels participating in the spectral diffusion is fixed. There is, however, a spectral diffusion, generating local spectral flows inside Landau levels. Since the spectral diffusion conserves the total number of particles and there is no electron transport between Landau levels, the total number of electrons as well as the total number of empty states inside any Landau level is preserved and equal to the thermal equilibrium value despite considerable deviations of the electron distribution function from the thermal equilibrium. Thus for the isolated Landau levels the averaged spectral distribution of available electron states is independent on the applied electric field. This may provide the stability of the inelastic relaxation rate with respect to the dc bias.
The scaling provides an easier practical access to the temperature dependence of the inelastic relaxation time, since the method does not require the solution of the "Eq. linear resistance using "Eq. (3)". For well-separated Landau levels, the inelastic scattering rate 1/τ in is found to be proportional T 3 at temperature T > 2 (K), indicating a dominant contribution of electron-phonon scattering to the inelastic electron relaxation. 69 Fig. 7(b) scaling breaks down at A 1/2 > 0.15. For temperatures below 3 (K) the breakdown is related to a Zero Differential Resistance State (ZDRS), which is observed in highly mobile electron systems in quantizing magnetic field. Figure 8 shows the state. At small dc biases the differential resistance r xx = dV /dI = d(RI)/dI decreases with the dc bias I dc . Transition into the ZDR state occurs at a threshold bias I th . Above the threshold (I dc > I th ) the resistance is virtually zero. Several negative spikes may accompany the transition into the state as it is shown in the figure. At even higher biases (I dc I th ) the resistance returns back to a positive value. Shown in Fig. 8(b) V-I dependencies demonstrate the same effect: at temperatures below 2 (K) the longitudinal voltage V xx does not depend on the direct current I dc in a broad range of the currents I dc > I th .
Zero differential resistance state
Shown in
47,53
This interesting effect has been observed in a broad range of temperatures below 
Effect of strong electric field on resistance of 2D electrons in quantizing magnetic fields
In accordance with the theory 100 the contributions of the non-uniform spectral diffusion to the nonlinear resistance ("inelastic" mechanism) saturate at high dc biases. The solution of the spectral diffusion equation [see "Eq. (4)"] indicates that at Q dc 1 the nonlinear conductivity depends weakly on the electric field E. In this regime other nonlinear mechanisms, in particular the ones related to a kinematic of electron-impurity scattering in the presence of the electric field E ("displacement" mechanisms), are important. 77, 78, 86, 106 Moreover, since the strong dc bias distorts the electron distribution, a self-consistent consideration of the "inelastic" and "displacement" mechanisms is required. The theories have been developed recently.
105,108,109
Experiments show that at higher biases the nonlinear resistance grows considerably and subsequently demonstrates remarkable oscillations, which are periodic both with the dc bias I dc and with the inverse magnetic field. 27, 40, 46, 48, 74 The dc induced oscillations have been originally found in the dependence of the differential resistance r xx on the magnetic field B at a fixed dc bias. 27 The oscillations are shown in Fig. 9(a) .
The resistance oscillations with the dc bias ( dc = 2eER C / ω c ∼ I dc ) at fixed magnetic field B = 0.2 (T) are displayed in Fig. 9(b) . In the figure, after the initial decrease due to the non-uniform spectral diffusion, the resistance grows and oscillates appreciably at higher dc biases. Figure 10 (a) shows oscillations of a derivative of the resistance dr xx /dB with the magnetic field B. Four maximums B l (l = 1, 2, 3, 4), marked by arrows, are observed. Positions of the maximums are periodic in the inverse magnetic field 1/B. This is presented in the insert to the figure.
In Fig. 10(b) one can see another interesting property of the oscillations: positions of the oscillation maximums B l are proportional to the applied dc bias I dc . A linear fit reveals relations: B l ∼ I dc /l, where l = 1, 2, 3 . . . is an integer. This result correlates with data presented in Fig. 9(b) for a different sample. The positions of the maximums of the derivative dr xx /dB obey the following relation 27, 40 :
where R C , E are cyclotron radius and electric field at the magnetic field B l and γ ≈ 2. The same relation "(6)" has been obtained for maximums of a difference between dc biased and unbiased differential resistance. 48 The positions of the maximums of differential resistance, presented in Fig. 9(b) , correspond to the experiment. 48 An additional work is required to understand the difference in the shape of the oscillations observed in different samples.
27,40,48,74
The resistance oscillations have been related to "horizontal" transitions of 2D electrons stimulated by an elastic impurity scattering between Landau levels in the presence of the electric field E. 27 The dc bias I dc creates the electric field E directed almost in y-direction, which is perpendicular to the current. Due to a high density of states ν, variations of the electron density δn in a conducting sample, providing the electric field E, induce a small variation of chemical potential E F and the electron kinetic energy kin (k F ) at E F : δE F ≈ δ kin (k F ) ≈ δn/ν. The relationship indicates that for the density of states ν, relevant to the experiments, the spatial variations of the Fermi energy δE F (y) are δE F ∼ eEd × a B /d ∼ 10 −4 V H , where d is a width of Hall bar and a B is Bohr radius.
144 Thus, the changes in Fermi energy are significantly smaller than the Hall voltage V H = eEd. The following discussion ignores the spatial variations of the kinetic energy δ k (r) and Fermi energy δE F related to the dc bias. In other words, electron density is assumed to be a constant in the Hall bar.
Variations of electron spectrum in the direction of the electric field E is presented in the Fig. 11 . The energy levels are given by
where n is a Landau level index, m is electron band mass and v d is a drift velocity of electron orbits. 27 The energy includes the kinetic energy (Landau levels) and electric potential energy: V p (y) = −eE · y. Solid lines present the Landau levels. The levels are tilted by the electric field E with a slope −eE. In the figure, the Fermi energy E F is also tilted and is parallel to the Landau levels. The tilted E F keeps the electron density (and the kinetic energy at the Fermi level) fixed across the sample, as it has been previously discussed (see also Ref. 27 ).
An elastic electron-impurity scattering stimulates "horizontal" transitions in the tilted electron spectrum, since the scattering conserves the total energy of a scattered electron. In addition, the scattering must transfer the electron from one Landau level to another. Within these constrains a change of the electron potential energy δV = eE∆y, due to a electron displacement ∆y along the electric field E, equals to a difference between energies of the Landau levels l ω c :
where l = 1, 2 . . . is an integer. Figure 11 shows a possible transition for l = 1 between n-th and (n + 1)-th Landau levels.
In discussed experiments, 2D electrons occupy many (n 1) Landau levels and electron scattering can be considered quasiclassically, using classical electron trajectories. Figure 11 shows electron transitions between two orbits corresponding to nth and (n+1)-th Landau levels. At n 1 the two orbits have approximately the same cyclotron radius R C = ((2n + 1) c/(eB)) 1/2 and width w = ( c/(eB))
1/2 R C . For clarity the orbits are turned by 90 0 around the horizontal line connecting centers of the orbits. A scattering at ∆y = 2R C is shown. It corresponds to an electric field E 1 = ω c /(2eR C ). Below we consider an evolution of the scattering with the electric field E (or the tilt of the levels) at a fixed magnetic field B.
Intensity of a scattering depends on the probability of finding an impurity in the area, where initial electron wave function |n overlaps with the final state |n + 1 . At small electric fields ∆y > 2R C the two electron orbits do not overlap and the scattering is absent. At ∆y = 2R C an electron can scatter between the two orbits (or between states |n and |n + 1 ). The transition from ∆y > 2R C to ∆y = 2R C occurs abruptly on a scale w ∆y. The overlapping area grows sharply at ∆y = 2R C , providing a singular enhancement of the scattering rate between orbits. At ∆y < 2R C (E > E 1 ) the scattering evolves smoothly with ∆y until next orbit |n + 2 overlaps with the state |n at E 2 = 2E 1 . This creates another kink in the transition rate. Thus, the intensity of the transitions between Landau levels has kinks at ∆y ≈ 2R C . Insertion of this relation in "Eq. (8)" yields the relation "(6)" with γ ≈ 2.
A comprehensive quantitative analysis of the nonlinear response in a broad range of the dc biases has been performed recently. 105, 108, 109 Using Boltzmann equation for a weakly disordered 2DEG in the presence of a weak quantizing magnetic fields (ω c τ q < 1) and a high temperature (kT ω c ), the authors found a compact analytical expression for the nonlinear current density j(E) 105 :
where δ = exp(−π/ω c τ q ) is the Dingle factor, ζ = 2πER C /( ω c ). At small electric fields ζ 1, the function Γ 1 provides a dominant contribution:
"Equation (10)" coincides with "Eq. (4)". 100 The result describes the decrease of the nonlinear resistance with dc bias.
At strong electric field ζ 1 the term Γ 2 provides the dominant contribution to the nonlinear current:
where τ (π) is a backscattering rate off disorder. The periodic oscillations of the function Γ 2 with ζ = 2πE H R C /( ω c ) describes the oscillations of the nonlinear resistance. Period of the oscillations corresponds to "Eq. (6)" obtained in the experiments. 27, 40, 46, 48, 74 Further theoretical analysis has incorporated effects of microwave radiation and dc biases on the nonlinear resistance. 108, 109 The authors have shown that the electric current has an oscillating component as a function of the strength of the dc bias and of the frequency of an oscillating microwave field. The position of maxima and minima of the differential resistance with respect to these two parameters is found in qualitative agreement with experiments.
45,54
In addition, the authors have analyzed the effect of mixed (smooth and short range) disorder on the nonlinear response. It is shown that for a relatively high density of the short range scatters, a contribution of the "displacement" mechanism is substantial for low values of dc biases ζ < 1. As a result, the strong temperature dependence of the nonlinear response at the small dc biases is anticipated only in samples with sufficiently weak short-range disorder.
A recent experiment has examined the temperature dependence of the amplitude of the dc bias induced oscillations of the nonlinear resistance. 68 The authors have measured the resistance oscillations as a function of the magnetic field at a fixed dc bias I dc = 80 (µA) and at different temperatures between 2 (K) and 5 (K). The experiment demonstrates a significant reduction in the amplitude of the magnetoresistance oscillations, which is explained by a decrease of the quantum scattering time τ q at high temperatures.
In accordance with the theory, 105,108,109 the quantum scattering time τ q controls a magnitude of modulations of the density of states with the energy and, thus, the amplitude of the dc induced oscillations. The parameter τ q enters in the Dingle factor δ. In "Eq. (9)" the amplitude of the dc induced oscillations is proportional to δ 2 . Analyzing the temperature dependence of the amplitude of the oscillations, authors 68 determined the temperature dependence of the quantum scattering time τ q (T ). They found that a change of the quantum scattering rate 1/τ q (T ) with the temperature T is proportional to square of the temperature and is presentable in a form: 1/τ q (T ) = 1τ im q + λT 2 /E F . 68 The parameter λ is found to be λ = 4.1. The temperature dependence indicates a dominant contribution of the electronelectron scattering into the temperature variation of the quantum scattering time. The temperature dependence of the quantum scattering time is in agreement both with theory 142,143 and with other experiments in which the T -dependence of the time τ q has been determined. 
Other experiments
An interesting combined effect of microwave radiation of frequency ω and of dc bias (E) on nonlinear resistance has been studied in papers. 49, 54 The authors have found that dc excitation affects microwave photoresistance in a nontrivial way. Photoresistance maxima (minima) evolve into minima (maxima) and back, reflecting strong coupling and interplay of ac-and dc-induced effects. Most of the observations can be explained in terms of indirect electron transitions using a combined resonant condition: dc + ac = k, where k is an integer, dc = 2R C eE/ ω c and ac = ω/ω c . A similar relation has also been observed between a resonant phonon scattering and the dc bias. 53 These effects have been studied theoretically, 108, 109 taking into account both "inelastic " and "displacement" mechanisms. The calculated dissipative component of electric current is found oscillating as a function of the electric-field strength and frequency of microwave radiation, which is in qualitative agreement with the experiments. Several experiments have been performed to investigate the effect of in-plane magnetic field on the nonlinear response. 38, 43, 57 In the experiment 43 authors observed very strong dependence of the microwave induced Zero Resistance State (ZRS) on a moderate [∼ 0.5 − 1 (T)] in-plane magnetic field B . Another experiment 38 has shown that the magnetic field B ≈ 0.5 (T) does not considerably change the ZRS. In the dc domain similar experiments show the effect of the inplane magnetic field on the zero differential resistance state. 57 The ZDRS gradually disappears with an increase of the in-plane magnetic field B at a fixed perpendicular field B ⊥ and/or the filling factor n. The decrease of the electron nonlinearity has been attributed to the spin splitting of the Landau levels enhanced in the total magnetic field B = (B 2 + B 2 ⊥ ) 1/2 . The spin splitting removes degeneracy of Landau levels, reducing oscillations of the density of states and the spectral diffusion with the energy . The decrease of the nonlinearity with the in-plane field has been found in a quantitative agreement with the theory. 100 All experiments 38,43,57 indicate significant decrease of the nonlinearity when the magnetic field B is almost parallel (within ±10 0 ) to the 2D conducting plane. Strong nonlinear response has been observed in highly mobile 2D systems with a complex structure of energy bands. These systems provide additional degrees of freedom for electron (hole) dynamics, which may enhance the nonlinear response. It opens possibilities for new nonlinear effects, which are absent in single band structures. In double quantum wells, an oscillatory magnetoresistance under microwave irradiation has been examined. 58, 60 The results are explained in terms of the influence of a subband coupling on the frequency-dependent photo-induced part of the electron distribution function. As a consequence, the magnetoresistance demonstrates the interference of magneto-intersubband oscillations and conventional microwave induced resistance oscillations.
Recently a strong nonlinearity has been observed in a high-mobile 2D hole system in C-doped GaAs/AlGa As quantum wells. 74 The authors found sharp features in the differential magnetoresistance, which were interpreted as the Zener-tunneling peak and valley associated with the commensuration transition of Landau orbits [see "Eq. (6)"]. The amplitude of the Zener oscillations is found to be strongly damped in the hole gas. The results show an important role of band structures in the nonlinear transport.
Another class of periodic oscillations 33,50 is observed in highly mobile 2D electron systems. In the paper (Ref. 50 ) two types of oscillations are detected: 1/B- 23, 24 and B-periodic oscillations. 33 In the frequency range between 27 and 130 GHz, these different oscillations are decoupled from each other. This is consistent with the respective models, which suggest, that 1/B oscillations occur in bulk, 100, 108, 109 while the B oscillations occur along the edges of the Hall bars. 33 In contrast to the original report, 33 the periodicity of the B oscillations is found to be independent of L, the length of the Hall bar section between voltage measuring leads.
50
Different class of nonlinearities (photovoltaic effects) is found in highly mobile electron systems. 30, 50, [61] [62] [63] 72, 73 Microwave-induced photocurrent and photovoltage, oscillating around zero as a function of the applied magnetic field, are detected.
72,73
The photo-signals pass zero whenever the microwave frequency is close to a multiple of the cyclotron resonance frequency. Built-in electric fields near contacts are essential for the nonlinear effect. The photovoltaic oscillations have been explained by suppression (screening) or enhancement ("antiscreening") of these fields by the photo-excited electrons.
Conclusion
Placed in quantizing magnetic fields, highly mobile degenerate two-dimensional electrons demonstrate very strong nonlinear response to electric field. Recent studies indicate that at small electric fields, the electron nonlinearity is driven by nonuniform spectral diffusion of the electrons through Landau levels. The spectral diffusion creates a specific electron distribution, which is significantly different from the Fermi-Dirac form and is the main source of the strong nonlinearity. At a stronger electric field, the nonlinear response is predominantly determined by substantial modification of the electron-impurity scattering in the presence of the field. The electric field modulates the rate of electron transitions between Landau levels, inducing periodic oscillations of resistance with dc bias and inverse magnetic field.
Despite the significant progress in this fascinating field, many areas are still barely explored. Further studies of nonlinearities of the highly mobile electron systems, in particular, properties of the zero resistance and zero differential resistance states, breakdown of the Quantum Hall Effect, nonlinearities in 2D systems with additional degrees of freedom are undoubtedly important for building a coherent picture of the nonlinear transport in quantum systems.
